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Abstract

It is shown that the full symmetry class of tensors associated with the irre-
ducible character [2,1"72] of S,, does not have an orthogonal basis consisting

of decomposable symmetrized tensors.
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1 Introduction and Preliminaries

Let V' be an m-unitary space. Let (%)V be the nth tensor power of V and write
V1 ® -+ ® v, for the decomposable tensor product of the indicated vectors. To each
permutation o in S, there corresponds a unique linear operator P(o): gQV — év
determined by P(0)(v1 ® - ®@vp) = Vyo-1(1) @+ * @ Us—1(). Let G be a subgroup of
Sy, and let Irr(G) be the set of all the irreducible complex characters of G. It follows

from the orthogonality relations for characters that

x(1)

{T(G,X): BV — V| T(G,x) = i

> X(0)P(o), x €Ix(G) |

ceG

is a set of annihilating idempotents which sum to the identity. The image of éV
under T(G, x) is called the symmetry class of tensors associated with G and x and
it is denoted by V;*(G). The image of v1 ® --- ® v, under T(G, x) is denoted by
vy *...%x v, and it is called a decomposable symmetrized tensor.

The inner product on V' induces an inner product on <§>V whose restriction to
VIH(G) satisfies

(ul*...*un|v1*...*vn>—)TG‘ Z HU’L|UU( (1)
=1

oeG
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Let I'', be the set of all sequences a = (v, ..., ap) with 1 < a; < m. Then the
group G acts on I'f, by 0 - a = (as-1(1),- -+, Qs-1(n)), Where 0 € G and o € I'].
Let O(a) = {0 - a| 0 € G} be the orbit of a, and G, be its stabilizer subgroup, i.e.,
Go = {0 € G| 0-a = a}, and consider a system A of distinct representatives of the
G-orbits on I'},.

Suppose {e1,...,en} is an orthonormal basis of V. For a = (a1,...,ay) € '},
denote by e} the decomposable symmetrized tensor eq, * ... * €q,. Then, by (1),
one can easily obtain that for each o, 3 € I'}},,

@ Z x(ot™1) if a =73 for some 7 € G,
(exles) = 191 7ez, @)
0 if O(a) # O(P).

For a € A, Vj = (e}, 0 € G) is called the orbital subspace of V!(G), and we can
easily prove that
VG =DV (3)
a€A

Note that it is possible for some o € A to have V' = 0. But Freese [3] proved

dim V= T‘G(j S x(0). (4)

therefore, if we set
A= {a €A Z x(o) 750},
c€Gq
then by (3) we obtain
VG = PV (5)
aEA
Of course we define the right-hand side of (5) to be 0, if A = .
Let W be a subspace of V’(G). An orthogonal basis of W of the form

{et| a €S},

where S is a subset of I'}},, is called an O-basis of W.

Symmetry classes of tensors associated with subgroups of symmetric groups and
their irreducible characters have been studied for a long time. Several papers are
devoted to the investigation of the non-vanishing and existence of an O-basis for

VH(G), see for example [1, 2, 5, 6, 8, 9]. In recent years the non-vanishing problem

2



of decomposable symmetrized tensors and so the non-vanishing problem of V;‘(G),
in the case G = S,,, have been studied by several authors, see for example [4, 7],
and the non-vanishing problem in this case has been completely solved (see [4]).
But even for G = Sy, no reasonable result for the structure of O-basis of an V*(G)
is available. In this note we consider G = S, and investigate the existence of an

O-basis of V'(Sy), for a special irreducible character of Si,.

2 Main Result

Let n be a positive integer. A partition A = (A1,...,\;) of n is a weakly decreasing
sequence A1 > ... > N > 0 of integers with 22:1 Ai = n, for short we write
A F n. The number [ is called the length of A, denoted by I(A\). We often gather
together equal parts of a partition and write, for example, (52, 3%) for (5,5,3,3,3).
IfFA=(A1,...,N) Fn, then X = ()\],...,\,), defined by

No={1<j <l N =iy,

is a partition of n called the partition conjugate to .

Frobenius obtained in 1900 an explicit classification of the irreducible complex
characters of Sy; they are naturally labelled by partitions of n. We denote the
irreducible complex character labelled by the partition A by [A], so the set of all
irreducible complex characters of S, is Irr(Sy,) = {[A]| A F n}.

Let now V be an m-unitary space. The symmetry class of tensors associated with
Sy and [A], where A F n, is called full symmetry class of tensors associated with A
and for short denoted by Vy*. Holmes [5] proved that if m,n > 3, then V(Z_M) is
non-zero and does not have an O-basis. In this note we consider the special case
A = (2,1"72), that is the partition conjugate to (n — 1,1); we prove the analogue of
Holmes’ result for the space V.

The following result was already proved in [7].

Proposition 2.1 Let V be an m-unitary space. Let A be a partition of n. Then
the full symmetry class of tensors associated with X, i.e., Vy*, is non-zero if and only
if m > 1(\). In particular, if m > n —1, then V" # 0 for all X # (1™).

We are now ready to state our main result. Note that by Proposition 2.1, V" is

non-zero for A = (2,1"72) if and only if m > n — 1.

Main Theorem Let n > 3 and consider A\ = (2,1"72). Let V be an m-unitary



space, m > n — 1. Then the full symmetry class of tensors associated with A, i.e.,

Vi, does not have an O-basis.

3 Proof of the Main Theorem

For the proof of the Main Theorem we need a combinatorial result on permutations.
We denote by 7 the natural permutation character of S, i.e., for ¢ € S,, w(0) is

the number of fixed points of o.

Lemma 3.1 Set F = {0 € S| n(c) = n(c(12))}. Then we have F = {0 €
Snl {o(1),0(2)} N{1,2} = 0}.

Proof. Let o € S,. There are four possibilities. If {o(1),0(2)} N {1,2} = 0,
then o and o (12) have exactly the same fixed points. If {o(1),0(2)} = {1,2},
then the number of fixed points of o and o (12) differ by 2. Now assume that
{o(1),0(2)} = {1,a}, with a # 2. Then in one-line notation the permutations o
and o (12) are (not necessarily in that order) 1ao(3)...0(n) and alo(3)...0(n),
hence their fixed point numbers differ by 1. The case where {o(1),0(2)} = {2,a},

with a # 1 is similar. This proves the claim. [

Lemma 3.2 Let F = {o € Sy| 7(0) = n(c(12))}, and let o1,..., 04 be distinct
permutations of S, such that aiaj_l € F foralli#j. Then k < [n/2].

Proof. Set t, = 0107,__&1 forr=0,...,k—1,s0tg =id and t1,...,t;_1 € F. Then
tlty = arﬂcrflala;:l = arﬂa;il € Fforall r #s,r,s € {l,...,k —1}. Hence
by Lemma 3.1, {t;'t,(1),¢145(2)} N {1,2} = 0, or equivalently, {¢s(1),%5(2)} N
{t,(1),t,(2)} =0 for all r # s, r,s € {1,...,k — 1}. Thus

2k = |{t,(j)] r=0,....k—1, je{1,2}}| <n
and so k < [n/2]. O

Remark 3.3 The bound [n/2] in Lemma 3.2 is sharp, and the proof shows how to
construct such sets of permutations. In particular, we obtain such a set by setting

o1 = id and (in cycle notation) o; = (125 — 1) (2 2j) for j =2,...,[n/2].

We are now ready to prove the Main Theorem. Let {ej,...,e,} be an or-
thonormal basis of V. Assume that V", A = (2, 1"72), has an O-basis. Put
v=(1,1,2,3,...,n — 1), then n > 3 and m > n — 1 implies that v € I'"",. Consider
the action of S, on I'}’, and choose A such that v € A. It is easy to see that the



stabilizer subgroup of v is equal to (S,), = {(1),(12)}. Therefore
Y. @) =@m-1)+(-1)(n-3) =2

o€(Sn)y
so it is non-zero and we obtain y € A. (In fact, this sum is non-zero for any partition
A # (1), so v € A for any A # (1").) Now, by (5), we can decompose V" into the
orthogonal direct sum of orbital subspaces indexed by A. Since Vy* has an O-basis,
and v € A, the orthogonality of this decomposition implies that V7 has an O-basis.

But, by (4), we have

n—1
2

-5 €5, 1.} 18 an O-basis for V. Therefore for each i # j,

dim VJ = 2=n-—1,

*
g1y

1 <4,j <n-—1, we have (e ,|eg.,) = 0. On the other hand if & = g; - v and

so we can assume {e

B = gj -7, then gigj_1 -3 = a, so if we set 7 = gz-gj_1 and use (2), then we obtain

ey = S gty o)
Sl 0€(Sn)~y
n—1

= — <€(9i9j_1)(71'(9i9j_1)—1)+E(Qigj_l(IQ))(W(gigj_l(12))—1))

n—1

= e(gigj_l) (W(gz’gj_l) — ﬁ(gigj_l(m))),

where ¢ is the sign character. Now the condition ( = 0, for each i # j,

€g,71€;7)
1 <i4,7 <n—1, implies that for such 7, j we have W(gigj_l) =7 (gigj_l(12)>. Hence
we deduce from Lemma 3.2 that n — 1 < [n/2]. Since n > 3, the last inequality is a

contradiction and thus V{*, A = (2,1"72), does not have an O-basis. O
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